Similar diagrams, where θ and 0~ are replaced by other types of proximal extensions, and φ~ is replaced by an open map with certain additional properties, are studied in [12] and [2] .
In section one we introduce notions and definitions. Section two is devoted to the proof of the main theorem about affine flows and then some corollaries for homomorphisms of minimal flows are deduced. Another corollary is a generalization of the Ryll Nardzewskie fixed point theorem. This results are extensions of results in [6] .
In section three the notation of a relatively invariant measure is discussed and it is shown that metric distal extension has a relatively invariant measure (see [8] and [1] ). A homomorphism with a RIM which has at least one finite fiber is shown to be almost periodic. In section four we show the existence of the commutative diagram mentioned above. This is used to show the existence of a universal strongly proximal extension for any given minimal flow. We conclude with some questions about the uniqueness of a RIM, and the existence of almost periodic extensions.
For a point JC E X we denote the point mass at x by δ x . Clearly tδ x = δ ίJC and thus the homeomorphism x -> δ x of X into J<(X) is also an isomorphism of flows. Sometimes we shall identify X with the sub-set {δ x |jcEX}of M{X).
With the above action M(X) is an affine flow. Since cx(M(X)) = X,Jt(X) is primitive iff X is a minimal flow.
Let X -^ Y be a homomorphism of minimal flows (φ is necessarily onto). This homomorphism induces an affine homomorphism M(X)-*>Jt(Y), as follows. Let μ G M(X) and let / G <β{Y) be given, is defined by
We say that φ is a strongly proximal homomorphism (or extension) if for every measure μ EM(X) with φ(μ) = point mass on Y, there exists a net ί, G Γ such that limf, μ = point mass on X. In particular X is a strongly proximal flow if X is a strongly proximal extension of the trivial flow.
Let X-^> Y be a strongly proximal extension and x,,x 2 GX with φ(x,) = φ(x 2 ). The measure μ =(δ xι +8 X2 )/2 satisfies φ(μ) = δ φ(xi ). Hence there exists a net t { G T such that limfyz = δ x for some xEX.
But limfyx = (lim ί,δ xi + lim ί/δ X2 )/2 and since δ x is an extreme point of M(X) this implies limfjX; = limί ( x 2 , i.e. the points x, and x 2 are proximal points in X We say that a homomorphism is proximal if every two points with the same image are proximal points. Thus we have shown that a strongly proximal homomorphism is proximal.
A homomorphism X -± Y is distal if whenever x, φ x 2 and φ(x,) = φ(x 2 ) then Xι and x 2 are not proximal. A flow is distal if it is a distal extension of the trivial flow.
Affine flows.
Let Q be a compact convex sub-set of a locally convex topological vector space, and let X be a closed sub-set of Q such that cδ(X) = Q. We shall use the following theorems from the general theory of convex sets (see for example [11] ). I (Krein Milman) cδ(ex(Q)) = Q. II (Milman) ex(Q)CX III For every measure μ G M (X) there exists a unique point zEQ such that for all affine functions / on Q, f{z) = ί f{x)dμ. The Jx map μ -^ z sends M (X) onto Q, and is a weak * continuous affine map. The point z is called the barycenter of μ.
IV (Bauer) A point x G X is an extreme point of Q iff δ x is the only measure in M{X) whose barycenter is x. (4) IfQ 0 CQ is P-irreducible, Y = ex(P) and x ί9 x 2 E Q o are such that φ(Xι) = φ(x 2 )E Y then x x and x 2 are proximal points (see [6] Theorem 5.3).
Proof. (1) Use Zorn's lemma. (2) Let Qo be a P-irreducible sub-set of ζ), X = ex(Q 0 ) and Y = 6x(P). Let xeφ-\Y)DQ Q then by the minimality of Y φ(ch{tx 11 E T}) D y. Hence φ(cδ{ίx | ί e Γ}) = cό{Y) = P. But Q o is P-irreducible and thus cό{tx \t 6Γ}= Q o . By II we conclude that
Thus if JC E X we have
XQcls{tx\t GT}CX and X = cls{ta \t E T}.
This proves that X is a minimal set. (3) Consider the map M(X)- § >Q 0 which sends a measure on X to its barycenter on Q o . Let y EY, and let μ EM{X) be a measure with Supp(μ)Cφ-1 (y)nX (i.e. (φ|X) Λ (μ) = δ r ) If / is an affine function on P then f°φ is an affine function on Q. Hence (f°Φ)(βμ)= (f°φ)dμ =/(y) and since the affine funcJx tions on P separate points we can conclude that φ(β(μ)) = y. Hence φ(β(cls{tμ 11 G Γ})) = y and φ(cό(β(cls{ίμ 11 E Γ}))) = P.
Since Q o is P-irreducible we have cδ(j3(cls{fμ \t E Γ})) = Qo. Now by II, this implies ex(ζ) 0 )CXC j8(cls{ίμ \t E Γ}), and if Xo£ex(C? 0 ), then there exists v E cls{ίμ 11 E Γ} such that β(v) = JCO-But by IV v = δ xo and (φ|X):X-^y is a strongly proximal homomorphism.
(4) Let X = ex«2o) and y = φ(jc,) = φ(x 2 ). Choose y o eex(P), then there exists a net s, in T such that lim^.y = y o We can assume that lim^iX, = z x and lim5fX 2 = z 2 exist. Let μ, E Jί(X) satisfy j3(μ.) = Zi(i = 1,2), If we use β to denote also the barycenter map from M(Y) onto P, then j8 ((φ|X) A (μ l )) = φ(/8(μ l ) = φ(z i ) = y 0 . Hence by IV (φ|X) Λ (μ ι ) = δ yo . By (3) there exists a net ί, in Γ such that limί/μ, = limf,μ 2 = point mass on X. By III we have 
J Y
Thus θ = φ°β and the above diagram is commutative. Let now QoQQ be an M{Y)-irreducible sub-set of Q, v E ex(Q 0 ) and μ E M(Y~) such that β(μ) = v. Then φ(ι>) is a point mass on y, say δ y , and θ(μ) = (φ°β)(μ) = φ(*0 = δ r Since θ is strongly proximal homomorphism this implies that there exists a net U in T such that is a point mass on y~, say δ η . Now limί,^ = limίiβμ = = β(δ η ) = η E y~ and since ex(Q 0 ) is a closed invariant set this implies Y~ C ex(Q 0 ). Therefore Q = Q o , and Q is Jί (y)-irreducible.
SHMUEL GLASNER COROLLARY 2.3. Let X-^Y be a homomorphism of minimal sets, then φ is strongly proximal iff M(X) is M(Y)-irreducible.

Proof. This follows immediately from Proposition 2.2 if we observe that ex(M(X)) = X, and cδ(X) = M{X).
Theorem 2.1 can be applied to prove the following generalization of the Ryll Nardzewski fixed point theorem, in the same way as Theorem 5.3 in [6] was used in proving this fixed point theorem. (Theorem 7.3 in [6] .) THEOREM 
Let E be a separable Banach space, Q a weakly compact convex sub-set of E. Suppose (T,Q) is an affine flow such that the action of T on Q is distal in the norm topology. Let φ: (Γ, Q) -> (Γ,P) be an affine homomorphism of Q onto a primitive affine flow P. Then there exists a minimal sub-flow X of Q such that (φ \X): X->cx(B) is an isomorphism of minimal flows.
3. Relatively invariant measures. 
C) Λ There exists a convex closed invariant subset Q ofM(X) such that (φ\Q): Q->M(Y) is an affine isomorphism onto. (d) There exists an M(Y)-irreducible affine sub-flow Q of M(X) such that φ\ex(Q): ex(Q)->Y is a flows isomorphism.
Since λ y is a probability measure, properties (1) and (2) Proof. Let 2 X denote the compact metric space of closed sub-sets of X, equipped with the Hansdorff topology. There is a natural action of T on 2* induced by the action of Γ on X. The map y-»Supp (λ y ) from Y into 2 X is a lower-semi-continuous map and ί(Supp(λ y )) = Suρp(ίλ y ) = Supρ(λ ίy ). Let 0 C Y be the set of points in Y at which the map y-»Supp(λ y ) is continuous, then 0' is a residual sub-set of Y. Let Sf = cls{Suρp(λ y )|y E Y} then X is a closed invariant sub-set of 2*. If A E X then A = lim Supρ(λ yj ) for some sequence y, E Y and we can assume that limy,=y exists. Since SuppίλyJCφ" 1^) and since φ~ι: Y-»2
X is an upper-semi-continuous map, it follows that A C φ~ι(y). Thus each element of % is contained in a fiber. Now if y Eθ' then there is a unique element of X which is contained in φ" ! (y), namely Suρρ(λ y ).
Consider now the set X' = U {A \ A E 3?}. Clearly this is a closed invariant sub-set of X, and since X is minimal X' = X. This implies that for y E 0 Supp(λ y ) = φ~\y). (1) there is also a RIM for φ, say P 2 : ^(X)-*^(Y). Now by the uniqueness of P, P 2°P ι = P and since P x {<e{Z)) = «(X),P 2 is unique. Proof. Let (T,Z,K), ψ and χ be as in the definition of almost periodic extension. We can assume that the action of K on Z is free. Define SB = {μ E Jί (Z) I x (μ) is a point mass on Y}.
Fix a point z 0 GZ, let yo = *(*<>) and choose μ EJ£ such that χ(μ) = y o By our assumption the map k~->z o k is a homeomorphism of X onto ^"'(yo) and thus we can lift μ to a measure μ on K:
I f(z)dμ = I f(z o k)dβ:
fe<€(Z).
J Z J K
In this way we can define an action of K on χ~\δ yo ) namely kμ = kμ. (This depends of course on z o ) Let μ, θ E.χ'\δ yo ), we shall show that θ is in the Γ-orbit closure of μ iff θ -kμ for some k E K. Indeed suppose there exists a net t t in T such that limfjμ = 0, without loss of generality we can assume that 
f E «(Z), μ E Λί(Z) and k E K).
When X is abelian the map μ ->μ of ^"^yoίonto M(K), does not depend on the point z 0 E ^"'(yo). Moreover /cμ = μ/c and thus under the action μ -*μfc, (T, «S? 0 , K)-^(Γ, y) is a group extension for every minimal set 5£QQ<£. Thus N 0 -2>Y is an almost periodic extension for every minimal set Jf 0 CJf.
The following corollary was first proved by A. W. Knapp [8] . We include a proof which makes use of Lemma 3.6. COROLLARY 3.7. Let X-^Y be an almost periodic extension then φ has a unique RIM.
Proof, Let Q be an M{Y)-irreducible affine sub-flow of M(X).
By Proposition 2.2. €x(Q)-^ Y is a strongly proximal extension of Y and by Lemma 3.6 €x(Q)^Y
a distal extension of y. Hence φ |ex(Q) is 1 -1 and by Proposition 3.1 (d), φ has a RIM.
Let (T,Z,K), x and ψ be as in the definition of an almost-periodic extension. Assume again that the action of K on Z is free. The extension Z-*>Y is a group extension hence an almost periodic extension and by the first part of this proposition χ has section λ: Y-» Jί(Z). As in the proof of Lemma 3.6 one can show that for each k ELK and y E Y, λ y = fcλ r Hence λ y is the Haar measure on K and A is unique. The uniqueness of a RIM for φ now follows from Lemma 3.5 (3) . PROPOSITION 3.8 . Let X be a quasi-separable minimal flow (i.e., X has sufficiently many metric factors) and let X-^Y be a distal homomorphism.
Then φ has a RIM.
Proof, By the Furstenberg-Ellis structure theorem for quasiseparable distal extensions, [1], there exist an ordinal η, a family of flows {X a \a ^ η} and a family of homomorphism {X β+ i-^X« \<x.< v) such that X o = Y 9 X η = X,φ a is an almost periodic extension and for limit ordinals β ^η X β is the invers limit of the system {X α ,φ a \a < β}. Using Corollary 3.7 and Lemma 3.5 (2), and using the fact that for a limit ordinal β ^ η the union of the images of <#(X a ) in ^(Xβ) (α < β) is dense in ^(X β ), one constructs inductively a RIM for φ.
REMARKS. (1) Since there exist distal flows which are not uniquely ergodic [3] , it is clear that a RIM for a distal extension is not necessarily unique.
(2) Let X -*> Y be a distal homomorphism, is it true that for every Φ minimal set Jf 0 C φ~\Y)CM(X) the homomorphism Jf Q ->Y is distal? If this is true, and it can be proved without the use of the structure theorem, then the existence of a RIM will follow as in the proof of Corollary 3.7. In particular when Y is the trivial flow, a proof of the fact that a minimal set in M{X) is distal whenever X is distal will produce a new proof for the existence of an invariant measure for a distal flow. (In [9] there is an example of a distal flow on the torus X, such that M{X) is not distal.) PROPOSITION Proof We show that φ is a finite to one distal extension and this implies that φ is almost periodic.
Let λ yo = ΣΓ=i a t xι where 0 < a { < 1, Σ",i a { = 1, x { 6 X satisfy Φ(*ι) = yo and if k^ I then x t^ x k . Since λ is a section it follows that tλ yo = A tyo = ΣΓ =I aitXi. If t a is a net in Γ then clearly lim t a λ yo exists and is equal to λ y iff, in X n , lim(ί β xi, ,ί β jc n ) = (zi, ,z n ) exists and λ y = ΣUiβiZi. Thus if we denote Z = clsftίx,, , tx n )\t E Γ} then Z as a sub-flow of X n is isomorphic to Y via the map y -»λ y -»(Zi, ,z #I ) where λ y = Σ/ n =1 a x z x (If some of the a x -s are equal we can reorder them, if necessary, so that z x = limί α */ whenever limί α yo = y.) Since y is a minimal flow we conclude that for each y E Y 9 the point (zi, , z n ) of X" where, λ y = Σ"-i α/Z;, is an almost periodic point. In particular if \jt\ then z, and z, are not proximal. Now U{z, |z, is some coordinate of some zGZ}= U{Suρρ(λ y )|y E Y} is clearly a closed invariant sub-set of X. Since X is minimal this set is equal to X and we can conclude that for each y E Y with λ y = Σ, =1 a t z h φ~ι(y) = {zi, * , z π }. Thus φ is a finite to one distal homomorphism. The proof is completed.
In a similar way one can show that a homomorphism X -** Y of minimal flows, which is finite to one and open, is almostperiodic. Thus for a finite to one homomorphism of minimal flows the properties of having a RIM, of being open and of being almost-periodic are equivalent. Using this fact and a construction due to W. A. Veech [12] one can deduce the following proposition, which is probably well known. Proof (1) Let X~ be an arbitrary minimal set in R, we shall prove that statements (2)- (4) holds for this particular choice of a minimal set and then it will follow from (4) that X~ is the unique minimal set in JR.
(2) Let (JC,^)GX~ then (φ °θ~) ((x, v) ) = φ(x) and (θ°φ~) ((x,v) -ι (φ(x) ). Now θ is a strongly proximal extension, hence there exists a net t x in T such that liπU(φ~)
it is now clear that for a sub-net t ti of i i5 lim^ ζ is a point mass on X~. Thus θ~ is also a strongly proximal homomorphism. It now follows from Theorem 2.1. (4) that ^ and η are proximal points of Q. Therefore there exists a net U in T such that limtiv = limί,η. Since Y~ is a minimal set and v G Y~, the common limit lies in Y~ and we can assume that it is actually equal to v. Now In particular when Y is the trivial flow y~ = Π s , the universal minimal strongly proximal flow (see [6] ), and every irreducible aflfine sub-flow of M(M) is affinely isomorphic to M(ϊl s ).
The flow Y~ has the property that every homomorphism Z -^ Yw here Z is minimal, has a RIM. (Lemma 3.5 (1)).
The observation that any two M(Y) irreducible affine sub-flows of Jί(M) are isomorphic raises the following question. Given a homomorphism X-^Y of minimal flows, is it true that any two J£(y)-irreducible affine sub-flows of M{X) are aflfinely isomorphic? Taking Y to be the trivial flow the question is whether any two irreducible affine sub-flows of M(X) are necessarifiy isomorphic. In particular if X is a minimal flow with an invariant measure is it true that every irreducible affine sub-flow of M(X) is trivial?
A particular case in which the answer to the above questions is clearly affirmative, is the case in which there is a unique Jί(Y)-irreducible affine sub-flow of M{X). This is the case iff in the construction of Theorem 4.1 the homomorphism X~-^ Y~ has a unique RIM.
The following example of a minimal flow X such that M{X) contains a unique irreducible affine sub-flow (which is an invariant measure), is due to Professor H. Furstenberg.
Let G be a semi-simple connected Lie group with finite center, G -KAN an Iwasawa decomposition for G and let M be the centralizer of A in K. Then H = MAN is a closed amenable sub-group of G. Theorem 2.6 of [4] states that the action of H on any homogeneous space of G is uniquely ergodic. Let Γ be a discrete uniform sub-group of G and let Q C M(GIΓ), be an affine G-invariant irreducible sub-flow of M(GIΓ). In particular Q is //-invariant, and since H is amenable the unique //-invariant measure on GIT lies in Q. Thus Q is unique. Since G/Γ carries a unique G-invariant measure, m, it follows that Q ={m}.
This example can be generalized as follows PROPOSITION 
Let (Γ,X) be a minimal flow. Suppose there exists a sub-group S of T which is amenable and such that (S,X) is a uniquely ergodic flow. Then, M(X) contains a unique T-invariant affine irreducible sub-flow.
We conclude with the following question which, in fact, is the reason for our interest in relatively invariant measures.
Generalizing results of H. Furstenberg in [5] and H. Keynes and J. B. Robertson in [7] , R. Peleg proved the following theorem [10, Theorem 11 , where Y is the trivial flow].
THEOREM. Let (X, T) be a minimal metric flow with an invariant measure. Then X is topologically weakly mixing (i.e. X x X is topologicaly ergodic), iff the only almost periodic factor of X is the trivial one.
We state the following conjecture.
CONJECTURE. Let X -*> Y be a RIM-extension and suppose X is metric. Let R be the sub-set of X x X, defined by R ={(x ι ,xj\φ(x ί ) = φ(x 2 )}.
Then R is topologically ergodic iff the only almost periodic extension of Y, which is a factor of X, is Y itself.
